
T7his note, the 21st in the
series, was published on
29 June (p 1654). We are
republishing it because it
had several errors, caused
by afaulty conversion from
one electronic form to
another. These errors have
all been corrected in this
version.
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Fig 1-Individual subjects'
standard deviations plotted
against their means
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Statistics Notes

Measurement error

J Martin Bland, Douglas G Altman

Several measurements of the same quantity on the same
subject will not in general be the same. This may be
because of natural variation in the subject, variation in
the measurement process, or both. For example, table 1
shows four measurements oflung function in each of 20
schoolchildren (taken from a larger study'). The first
child shows typical variation, having peak expiratory
flow rates of 190, 220, 200, and 200 1/min.

Let us suppose that the child has a "true" average
value over all possible measurements, which is what we
really want to know when we make a measurement.
Repeated measurements on the same subject will vary
around the true value because of measurement error.
The standard deviation of repeated measurements on
the same subject enables us to measure the size of the
measurement error. We shall assume that this standard
deviation is the same for all subjects, as otherwise there
would be no point in estimating it. The main exception
is when the measurement error depends on the size of
the measurement, usually with measurements becom-
ing more variable as the magnitude of the measurement
increases. We deal with this case in a subsequent statis-
tics note. The common standard deviation of repeated
measurements is known as the within-subject standard
deviation, which we shall denote by sw
To estimate the within-subject standard deviation, we

need several subjects with at least two measurements for
each. In addition to the data, table 1 also shows the
mean and standard deviation of the four readings for
each child. To get the common within-subject standard
deviation we actually average the variances, the squares
of the standard deviations. The mean within-subject
variance is 460.52, so the estimated within-subject
standard deviation is sw= /460.52 = 21.5 1/min. The
calculation is easier using a program that performs one
way analysis of variance2 (table 2). The value called the
residual mean square is the within-subject variance.
The analysis of variance method is the better approach
in practice, as it deals automatically with the case of
subjects having different numbers of observations. We
should check the assumption that the standard
deviation is unrelated to the magnitude of the
measurement. This can be done graphically, by plotting
the individual subject's standard deviations against their
means (see fig 1). Any important relation should be
fairly obvious, but we can check analytically by calculat-
ing a rank correlation coefficient. For the figure there
does not appear to be a relation (Kendall's X = 0.16,
P = 0.3).
A common design is to take only two measurements

per subject. In this case the method can be simplified
because the variance of two observations is half the
square of their difference. So, if the difference between
the two observations for subject i is di the within-subject
standard deviation sw is given by s'= L dl2, where n is

Table 2-One way analysis of variance for the data of table 1

Source of Degrees of Sum of Mean Variance Probability
variation freedom squares square ratio (F) (P)

Children 19 285318.44 15016.78 32.6 <0.0001
Residual 60 27631.25 460.52

Total 79 312949.69

Table 1-Repeated peak expiratory flow rate (PEFR)
measurements for 20 schoolchildren

Child
No PEFR (Vmin) Mean SD

1 190 220 200 200 202.50 12.58
2 220 200 240 230 222.50 17.08
3 260 260 240 280 260.00 16.33
4 210 300 280 265 263.75 38.60
5 270 265 280 270 271.25 6.29
6 280 280 270 275 276.25 4.79
7 260 280 280 300 280.00 16.33
8 275 275 275 305 282.50 15.00
9 280 290 300 290 290.00 8.16

10 320 290 300 290 300.00 14.14
11 300 300 310 300 302.50 5.00
12 270 250 330 370 305.00 55.08
13 320 330 330 330 327.50 5.00
14 335 320 335 375 341.25 23.58
15 350 320 340 365 343.75 18.87
16 360 320 350 345 343.75 17.02
17 330 340 380 390 360.00 29.44
18 335 385 360 370 362.50 21.02
19 400 420 425 420 416.25 11.09
20 430 460 480 470 460.00 21.60

the number of subjects. We can check for a relation
between standard deviation and mean by plotting for
each subject the absolute value of the difference-that
is, ignoring any sign-against the mean.
The measurement error can be quoted as sw. The dif-

ference between a subject's measurement and the true
value would be expected to be less than 1.96 sW for 95%
of observations. Another useful way of presenting
measurement error is sometimes called the repeatability,
which is +/x 1.96 sw or 2.77 sw. The difference
between two measurements for the same subject is
expected to be less than 2.77 sw for 95% of pairs of
observations. For the data in table 1 the repeatability is
2.77 x 21.5 = 60 I/min. The large variability in peak
expiratory flow rate is well known, so individual
readings of peak expiratory flow are seldom used.
The variable used for analysis in the study from which
table 1 was taken was the mean of the. last three
readings.'

Other ways of describing the repeatability of
measurements will be considered in subsequent statistics
notes.
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Correction

Statistics Notes: Measurement error proportional
to the mean

A typesetting error occurred in Note 23 (13 July, p t06).
Throughout the text the symbol a should have been s, to be
consistent with the previous two notes. Also the first refer-
ence should have been to note 21 (on measurement error,
republished above), not note 22 (on measurement error
and correlation coefficients, 6 July, p 41).
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